Nagata spaces and $w$N-spaces which are preserved by quasi-perfect maps (Set Theoretic and Geometric Topology and Its Applications) by 新田, 眞一 & 吉岡, 巌
Title
Nagata spaces and $w$N-spaces which are preserved by quasi-
perfect maps (Set Theoretic and Geometric Topology and Its
Applications)
Author(s)新田, 眞一; 吉岡, 巌








Nagata spaces and wN-spaces




Department of Mathematics, Okayama University
1
Good, Knight and Stares [3]
$\mathrm{f}w\mathrm{N}$-space quasi-perfect map ?
$\llcorner_{-}^{-}$
Proposition 1.1[3, Proposition 181. The closed, finite to one image of $a$
$wN$-space is a $wN$-space.
[14] Ying $d Good Lutzer ;
Example 1.2 [10, Example 4.3]. A perfect image of a first countable
startiftable space that is not even a q-space.
Nagata space, wN-space,
$\mathrm{q}$-space
Theorem 1.3 [1, Theorem 3.11. A space is a Nagata space if and only if
it is first countable and stratifflble.
Lutzer Example 1.2
Fact 1.4. Every quasi-pefect image ofany Nagata-space is not Nagata.
$\theta \mathrm{e}\cdot \mathrm{m}\mathrm{a}\mathrm{i}\mathrm{l}$ address: nitta@jc. shijonawate $\cdot$gakuen.ac.jp
\dagger $\mathrm{e}\cdot \mathrm{m}\mathrm{a}\mathrm{i}\mathrm{l}$address: yoshioka\copyright math.okayama $\cdot$u.ac.jp
1419 2005 87-98
88





space $\mathrm{T}_{\rceil}$ -space map continuous onto map
space $\mathrm{X}$ subspace A C1(A) A closure $\mathrm{N}$
[2] [6]
Definltion 2.1. For aspace $(\mathrm{X}, \tau)$ , afunction $\mathrm{g}$ : $\mathrm{X}\mathrm{x}\mathrm{N}arrow\tau$ is called a
$g$-function if $\mathrm{x}\in \mathrm{g}(\mathrm{x},\mathrm{n})$ and $\mathrm{g}(\mathrm{x},\mathrm{n}+1)\subseteq \mathrm{g}(\mathrm{x},\mathrm{n})$ for each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\mathrm{x}$ N.
For asubset Aof $\mathrm{X}$ and $\mathrm{n}\in \mathrm{N}$ , we put $\mathrm{g}(\mathrm{A},\mathrm{n})=\cup\{\mathrm{g}(\mathrm{x},\mathrm{n})|\mathrm{x}\in \mathrm{A}\}$ .
$g$-funcfion :
(N) If $g(x,n)\mathit{0}g(x_{n},n)\neq\emptyset$ for each $n\in N$, then $\chi$ is a cluster point of the
sequence $(x_{n})$ ,
$(w\mathrm{N})$ If $g(x,n)\mathit{0}g(x_{r\mathrm{L}},n)\neq\emptyset$ for each $n\in N$, then the sequence ($x_{n}J$ has $a$
clusterpoint,
$(\gamma)$ If $x_{r\iota}\epsilon g(y_{r\iota},n)$ and $y_{n}\in g(x,n)$ for each $n\in N$, then $\chi$ is a cluster point of
the sequence $(x_{n})$ ,
$(w\gamma)$ If $x_{n}\epsilon g(y_{n_{f}}n)$ and $y_{n}\in g(x,n)$ for each $n\in N,$ tfoe sequence $(x_{n})$ has $a$
clusterpoint,
$(1 \mathrm{s}\mathrm{t})$ If $x_{n}\in g(x,n)$ for each $n\in N$, then $\chi$ is a cluster point of the sequence
$(\chi_{n})$ ,
(q) If $x_{n}\epsilon g(x,n)$for each $n\epsilon N_{J}$ the sequence $(x_{n})$ has a cluster point,
$(w\mathrm{M})$ If $x_{n}\in g(y_{n},n)_{\mathrm{J}}g(y_{n_{1}}n)^{[)}g(z_{n},n)\neq\emptyset$ and $z_{n}\in g(\mathrm{x},n)$ for each $n\in N_{\mathrm{J}}$ then
the sequence $(x_{n})$ has a clusterpoint,




Definition 2.2. For aspace $(\mathrm{X}, \tau)$ with a $g$-function $\mathrm{g}:\mathrm{X}\cross \mathrm{N}arrow\tau j$
(1) $\mathrm{X}$ is aNagata space if $\mathrm{g}$ satisfies the condition (N),
(2) $\mathrm{X}$ is a $wN$-space if $\mathrm{g}$ satisfies the condition $(w\mathrm{N})$ ,
(3) $\mathrm{X}$ is a $r$-space if $\mathrm{g}$ satisfies the condition $(\gamma)$ ,
(4) $\mathrm{X}$ is a $w\gamma$-space if $\mathrm{g}$ satisfies the condition $(w\gamma)$ ,
(5) $\mathrm{X}$ is a1 $\mathrm{s}t$-counable space if $\mathrm{g}$ satisfies the condition $(\mathrm{l}\mathrm{s}\mathrm{t})$ ,
(6) $\mathrm{X}$ is a $q$-space if $\mathrm{g}$ satisfies the condition $(\mathrm{q}\}$ ,
(7) $\mathrm{X}$ is a $wM$-space if $\mathrm{g}$ satisfies the condition $(w\mathrm{M})$ ,
(8) $\mathrm{X}$ is an $\alpha$-space if $\mathrm{g}$ satisfies the condition $(\alpha)$ .
Nagata space [1] [4] [6] $\text{ }w\mathrm{N}$-space. $\gamma-$ space. $w\gamma$ -space.
1 $\mathrm{s}\mathrm{t}$-countable $\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}_{\text{ }}\mathrm{q}$-space f [6] $\text{ }w\mathrm{M}$-space l
[6] $[7]_{\text{ }}$ $\alpha$ -space [5]1 g-function
3. Kotake
Nagata space $w\mathrm{N}$ -space Kotake
Theorem 3.1 [9, TheOrem1.3] A space is $\alpha$ Nagata space if and only if it
is a regular, $a$ and $wN$-space.
$\alpha$ -space $w\mathrm{N}$ -space
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Definition 3.2. For aspace $(\mathrm{X}, \tau)$ ,
(1) $\mathrm{X}$ is called $a\sigma-wN- space$ , if there exists a $g$-function $\mathrm{g}:\mathrm{X}\mathrm{x}\mathrm{N}arrow\tau$
satisfying the conditions $(\alpha 0)$ and $(w\mathrm{N})$ , where
$(\alpha 0)$ if $\mathrm{y}\in \mathrm{g}(\mathrm{x},\mathrm{n}),\cdot$ then $\mathrm{g}(\mathrm{y},\mathrm{n})^{\underline{\mathrm{C}}}\mathrm{g}(\mathrm{x},\mathrm{n})$ ,
(2) $\mathrm{X}$ is called a-wN-space, if there exists a $g$-function $\mathrm{g}:\mathrm{x}\mathrm{x}\mathrm{N}arrow T$
satisfying the conditions $(\alpha)$ and $(w\mathrm{N})$ ,
(3) $\mathrm{X}$ is called $s$ a-wN-space, if there exists a $g$-function $\mathrm{g}:\mathrm{X}\mathrm{x}\mathrm{N}arrow\tau$
satisfying the conditions $(\mathrm{s}\alpha)$ and $(w\mathrm{N})$ , where
$(\mathrm{s}ae)$ For for each $\mathrm{x}\in \mathrm{X},$ $\cap\{\mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in \mathrm{N}\}=\{\mathrm{x}\}$ holds and,
if $\mathrm{y}\in \mathrm{g}(\mathrm{x},\mathrm{n})$ , then $\mathrm{g}(\mathrm{y},\mathrm{n})\subseteq \mathrm{g}(\mathrm{x},\mathrm{n})$ .
$\alpha$ -space stronglyr
a-space Yoshioka [15]
Definition 3.3. For aspace $(\mathrm{X}, \tau)$ ,
(1) $\mathrm{X}$ is called a $\mathit{0}$-space, if there exists a $g$-function $\mathrm{g}:\mathrm{X}\mathrm{x}\mathrm{N}arrow\tau$
satisfying the condition $(\alpha 0)$ ,
(2) $\mathrm{X}$ is called strongly $a$-space, if there exists a $g$-function $\mathrm{g}:\mathrm{X}\cross \mathrm{N}arrow\tau$
satisfying the condition $(\mathrm{s}\alpha)$ .
Remark 3.4. Every strongly $\alpha$ -space is T2 (hence, $\mathrm{s}\alpha-w\mathrm{N}$-space is $\mathrm{T}_{2}$).
$\alpha- w\mathrm{N}$-space $\alpha$ , wN-space
$(\alpha)$ ( $w\mathrm{N}1$ g-function
$(\alpha)$ $g$-funcfion $\mathrm{g}$ $(w\mathrm{N})$
$g$-function $\mathrm{h}$
4 $\mathrm{s}\alpha-\mathrm{w}\mathrm{N}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e},$ $\alpha^{-}\mathrm{w}\mathrm{N}\cdot \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$ $\alpha$ $\mathrm{o}^{-}\mathrm{w}\mathrm{N}$-space
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Definition 3.3
Proposition 4.1. For a space $X$, the following statements fwld:
(1) If$X$ is a countabty compact space, then $X$ is an ao-wN-space.
(2) $ffX$ is an ao-wN-space, then $X$ is a $wM$-space..
Proof. (1): For each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\cross \mathrm{N}$ , define a $g$-function $\mathrm{g}(\mathrm{x},\mathrm{n})=\mathrm{X}.$ Then this
$g$-function $\mathrm{g}$ satisfies the conditions $(\alpha 0)$ and $(w\mathrm{N})$ .
$(2):\mathrm{L}\mathrm{e}\mathrm{t}\mathrm{g}$ be $g$-function $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\infty.\mathrm{n}\mathrm{g}$ condition $(\alpha 0)\mathrm{a}\mathrm{n}\mathrm{d}(w\mathrm{N}).$ To show that $\mathrm{X}$
is $w\mathrm{N},$ it is sufficient that $\mathrm{g}$-function $\mathrm{g}$ satisfies condition $(w\gamma)$ , because
of [12; Theorem 5.2] Let $\mathrm{x}_{\mathrm{n}}\in \mathrm{g}(\mathrm{y}_{\mathrm{n}},\mathrm{n})$ and $\mathrm{y}_{\mathrm{n}}\in \mathrm{g}(\mathrm{x},\mathrm{n})$ for each $\mathrm{n}\in \mathrm{N}$ , then
$\mathrm{g}(\mathrm{y}_{\mathrm{n}},\mathrm{n})\subseteq \mathrm{g}(\mathrm{x},\mathrm{n})$ by the (a $\mathrm{o}$)-ness of $g$-function $\mathrm{g}$ . So $\mathrm{x}_{\mathrm{n}}\in \mathrm{g}(\mathrm{x},\mathrm{n})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})$ , and
$\mathrm{g}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}_{1}\mathrm{e}\mathrm{s}$ the condition $(w\mathrm{N}).$ Thus, $\langle \mathrm{x}_{\mathrm{n}}\rangle \mathrm{h}\mathrm{a}\mathrm{s}$ acluster point.
(1) coutably compact spaces $\alpha_{0}-w\mathrm{N}$-spaces
(2) ?
Question 4.2. Does there exist a $wM$-space which is not ao-wN.2
$w\mathrm{M}$-space ao-wN-space
Proposition 4.3. Every subparacompact $wM$-space is an $a_{0}- wN$-space.
Proof. Let $\mathrm{X}$ be asubparacompact $w\mathrm{M}$-space. Since $\mathrm{X}$ is $w\mathrm{N},$ $\mathrm{X}$ is
matacompact by $[6;\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}3.5]$ . Since $\mathrm{X}$ is $w\mathrm{M}$ , there is asequence
$\langle\gamma_{\mathrm{n}}\rangle \mathrm{o}\mathrm{f}$ open covers of $\mathrm{X}$ such that $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}^{2}(\mathrm{x}, \gamma_{\mathrm{n}})$ for each $\mathrm{n}\in \mathrm{N}$ , then $\langle \mathrm{x}_{\mathrm{n}}\rangle$
has acluster point (this is the original definition by Ishii [7]). For each
$\mathrm{n}\in \mathrm{N}$ , let $\delta_{\mathrm{n}}$ be apoint-finite open refinement of $\gamma_{\mathrm{n}}.$ Let $\mathrm{g}(\mathrm{x},\mathrm{n})=\cap\{\mathrm{U}\in\delta$
$\mathrm{n}|\mathrm{x}\in \mathrm{U}1$ for each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\cross \mathrm{N}$ . Then it is easily seen that $g$-function $\mathrm{g}$
satisfies the condition $(\alpha)$ . Now let $\mathrm{g}(\mathrm{x},\mathrm{n})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})\neq\phi$ for each $\mathrm{n}\in \mathrm{N}$ ,
then $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}^{2}(\mathrm{x}, \delta \mathrm{n})\subseteq \mathrm{s}\mathrm{t}^{2}\mathfrak{l}^{\mathrm{x},\gamma \mathrm{n}}1$ for each $\mathrm{n}\in \mathrm{N}$ . Thus $\langle \mathrm{x}_{\mathrm{n}}\rangle \mathrm{h}\mathrm{a}\mathrm{s}$ acluster
point, so $\mathrm{X}$ is ao-wN.
$\mathrm{s}\alpha- w\mathrm{N}$-space $\alpha- w\mathrm{N}$-space
Theorem 4.4. For a space $X$, the following conditions are equivalent:
(1) $X$ is a metrizabte space.
(2) $X$ is a $s$ a-wN-space.
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(1) $X$ is a regular a-wN-space.
Proof. $(1)\Rightarrow(2):\mathrm{F}\mathrm{o}\mathrm{r}$ each $\mathrm{n}\in \mathrm{N}$ , let $\beta_{\mathrm{n}}=\{\mathrm{B}(\mathrm{x};1/\mathrm{n})|\mathrm{x}\in \mathrm{X}\}$, where $\mathrm{B}(\mathrm{x};1/\mathrm{n})$ is
the $1/\mathrm{n}$-neighbourhood of $\mathrm{x}$ and let $\zeta \mathrm{n}$ be alocally finite closed
refinement of $\beta_{\mathrm{n}}$ . For each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\cross \mathrm{N}$ , define a $g$-function $\mathrm{g}(\mathrm{x},\mathrm{n})=\mathrm{X}\backslash \cup$
$\{\mathrm{F}\in\zeta \mathrm{n}|\mathrm{x}\not\in \mathrm{F}\}$. To verify this $g$-function satisfies condition (N), let $\mathrm{g}(\mathrm{x},\mathrm{n})\cap$
$\mathrm{g}(_{-}\mathrm{x}_{\mathrm{n}},\mathrm{n}$ } $\neq\phi$ for each $\mathrm{n}\in \mathrm{N}$ . There exist $\mathrm{y}_{\mathrm{n}}\in \mathrm{g}(\mathrm{x},\mathrm{n}\rangle$ $\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n}),$ $\mathrm{F}\in\zeta \mathrm{n}$ and $\mathrm{B}$
$\in \mathcal{B}\mathrm{n}$ such that $\mathrm{x}_{\mathrm{n}},\mathrm{x}\in \mathrm{F}\subseteq \mathrm{B}$ . Then $\mathrm{g}(\mathrm{x},\mathrm{n})\subseteq \mathrm{s}\mathrm{t}(\mathrm{x}, \beta_{\mathrm{n}})$ and $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}(\mathrm{x}, \beta_{\mathrm{n}})$ . It
follows that the sequence $\langle \mathrm{x}_{\mathrm{n}}\rangle$ clusters at $\mathrm{x}$ . So, $\mathrm{g}$ satisifies the condition
$(w\mathrm{N})$ . And it is obvious that this $g$-function satisfies the condition $(\mathrm{s}\alpha)$ .
$(2)\Rightarrow(3)$ :Let $\mathrm{g}$ be a $g$-function with conditions(s $\alpha$ ) $\mathrm{a}\mathrm{n}\mathrm{d}(w\mathrm{N})$ . To show the
regulality of $\mathrm{X}$ , let any $\mathrm{x}\in \mathrm{X}$ and any open set $\mathrm{U}$ with $\mathrm{x}\in \mathrm{U}$ . Suppose that
for each $\mathrm{n}\in \mathrm{N}$ , there exist $\mathrm{x}_{\mathrm{n}}\in \mathrm{C}1(\mathrm{g}(\mathrm{x},\mathrm{n}))\mathrm{N}\mathrm{U}$ . Then $\mathrm{g}(\mathrm{x},\mathrm{n})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})\neq$ for
each $\mathrm{n}\in \mathrm{N}$ , so there is acluster point $\mathrm{p}\in \mathrm{X}\backslash \mathrm{U}$ of the sequence $\langle_{\mathrm{X}_{\mathrm{n}}}\rangle$ Now
we have for each $\mathrm{n}\in \mathrm{N},$ $\mathrm{p}\in \mathrm{c}\mathrm{l}(\{\mathrm{x}\mathrm{k}|\mathrm{k}\geq \mathrm{n}\}\subseteq \mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n})\}$ , so $\mathrm{p}\in\cap\{\mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in$
$\mathrm{N}\}=\{\mathrm{x}\}$ . Hence $\mathrm{p}=\mathrm{x}$ , this is acontradiction.
$(3)\Rightarrow(1):\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{X}$ is regular $\alpha$ and $w\mathrm{N}$-space, $\mathrm{X}$ is Nagata by Theorem
3.1. And $\mathrm{X}$ is $w\mathrm{M}$ by Proposition 4.1(2), it follows that $\mathrm{X}$ is $\mathrm{w}\gamma$ By [6;
Theorem 4.7] , $\mathrm{X}$ is metrizable.
$\mathrm{s}\alpha-w\mathrm{N}$ -space(=metrizable space), $\alpha-w\mathrm{N}$-space $\alpha 0-w\mathrm{N}$-space
Example 4.5. There exists an $\mathrm{a}-wN$-space which is not $sa-wN$.
Proof. Let $\mathrm{X}$ be the space $\mathrm{N}$ with the cofmite topology $\{\mathrm{U}\subseteq \mathrm{N}||\mathrm{N}\backslash \cup|\mathrm{i}\mathrm{s}$
finite} $\cup\phi$ . It is well known that $\mathrm{X}$ is compact $\mathrm{T}_{1}$ but not T2. Since $\mathrm{X}$ is
not T2, $\mathrm{X}$ is not $\mathrm{s}\alpha-w\mathrm{N}$ . To show that $\mathrm{X}$ is a $\alpha- w\mathrm{N}$-space, let $\mathrm{g}(\mathrm{x},\mathrm{n})=\{\mathrm{x}\}$
$\mathrm{U}$ {kin} for each $(\mathrm{x},\mathrm{n})\in$ $\mathrm{X}\cross \mathrm{N}$ . Then $\mathrm{g}$ is a $g$-function satisfying the
condition(a) and by the compactness of $\mathrm{X},$ $\mathrm{g}$ satisfies the condition $(w\mathrm{N})$
(see [15;Example 4. 10]
Example 4.5 $\mathrm{T}_{2}$-space Theorem 44
Question 4.6. Is evew $T_{2}$ a-wN-space, metrizable 2
Example 4.7. There exists an $\mathcal{O}\sigma-wN$-space vvhich is not $\mathrm{a}-wN$.
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Proof. Let $\mathrm{X}$ be the space of all $\mathrm{c}\mathrm{o}.|$
topology. Since $\mathrm{X}$ is countably com
4. 1(1}. Suppose that $\mathrm{X}$ is an $\alpha- u$
TheOrem4.4. This is acontradiction.
Lltable ordinal numbers with order
[lpact, $\mathrm{X}$ is $\alpha 0-w\mathrm{N}$ by Proposition
$\prime \mathrm{N}$-space. Then $\mathrm{X}$ is metrizable by
$w\mathrm{N}$-space $w\mathrm{M}$ Remark 5.4
5. $\alpha-wk$space $\alpha 0^{-}W\kappa$space quasi-perfect image
Theorem 44 $\mathrm{s}\alpha-w\mathrm{N}$ -space metrizable $\mathrm{s}\alpha-w\mathrm{N}$ -space
quasi-perfect image $\mathrm{s}\alpha-\mathrm{w}\mathrm{N}$-space(=metrizable space)
$\alpha_{0}- w\mathrm{N}$-space $\alpha- w\mathrm{N}$-space quasi-perfect image
Theorem 5.1. The following statements hold:
(1) The quasi-pefect image ofan $ao-wN$-space is $\mathrm{a}\sigma-wN$.
(2) The quasi-perfect image ofan $\mathrm{a}-wN$-space is $\mathrm{a}-wN$.
94
Proof. (1): Let $\mathrm{f}:\mathrm{X}arrow \mathrm{Y}$ be aquasi-perfect map, and $\mathrm{X}$ an $\alpha$ o-wN-space.
The space $\mathrm{X}$ has a $g$-function $\mathrm{g}$ satisfying the conditions $(\alpha 0)$ and $(w\mathrm{N})$ .
Let $\mathrm{h}(\mathrm{y},\mathrm{n})=\mathrm{Y}\backslash \mathrm{f}(\mathrm{X}\backslash \mathrm{g}(\mathrm{f}^{- 1}(\mathrm{y}),\mathrm{n}))$ for each $(\mathrm{y},\mathrm{n})\in \mathrm{Y}\cross \mathrm{N}$ , then $\mathrm{Y}$ has a
$g$-function $\mathrm{h}$ by the closedness of $\mathrm{f}$. We will show that $\mathrm{h}$ satisfies the
condition $(\alpha 0)$ and $(w\mathrm{N})$ . Let $\mathrm{z}\in \mathrm{h}(\mathrm{y},\mathrm{n})$ , then for each $\mathrm{u}\in \mathrm{f}^{- 1}(\mathrm{z})$ there
exists $\mathrm{x}_{\mathrm{u}}\in \mathrm{f}^{- 1}(\mathrm{y})$ such that $\mathrm{u}\in \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})$ . Since $\mathrm{g}$ satisfies the condition $(\alpha 0)$ ,
$\mathrm{g}(\mathrm{u},\mathrm{n})\subseteq \mathrm{g}(\mathrm{x}_{\mathrm{u}},\mathrm{n})\subseteq \mathrm{g}(\mathrm{f}^{- 1}(\mathrm{y}),\mathrm{n})$ . Then $\mathrm{g}(\mathrm{f}^{- 1}(\mathrm{z}),\mathrm{n})\subseteq \mathrm{g}(\mathrm{f}^{\prime 1}(\mathrm{y}),\mathrm{n})$ . It follows that
$\mathrm{h}(\mathrm{z},\mathrm{n})\subseteq \mathrm{h}(\mathrm{y},\mathrm{n})$ holds. Next to verify that $\mathrm{h}$ satisfies the condition $(w\mathrm{N})$ , let
$\mathrm{z}_{\mathrm{n}}\in \mathrm{h}(\mathrm{y},\mathrm{n})\cap \mathrm{h}(\mathrm{y}_{\mathrm{n}},\mathrm{n})$ for each $\mathrm{n}\in \mathrm{N}$ . Let $\mathrm{n}\in \mathrm{N}$ , there exist $\mathrm{u}_{\mathrm{n}}$ and $\mathrm{w}_{\mathrm{n}}$ such
that $\mathrm{u}_{\mathrm{n}}\in \mathrm{f}^{- 1}(\mathrm{y})$ and $\mathrm{w}_{\mathrm{n}}\in \mathrm{f}^{- 1}(\mathrm{z}_{\mathrm{n}})\cap \mathrm{g}(\mathrm{u}_{\mathrm{n}},\mathrm{n})$, and since $\mathrm{z}_{\mathrm{n}}\in \mathrm{h}(\mathrm{y}_{\mathrm{n}},\mathrm{n})$ , there is an
$\mathrm{x}_{\mathrm{n}}\in \mathrm{f}^{- 1}(\mathrm{y}_{\mathrm{n}})$ such that $\mathrm{w}_{\mathrm{n}}\in \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})$. The sequence $\langle \mathrm{u}_{\mathrm{n}}\rangle$ has acluster point $\mathrm{p}$
in $\mathrm{f}^{- 1}(\mathrm{y})$ by the countable compactness of $\mathrm{f}^{- 1}(\mathrm{y})$ . For each $\mathrm{k}\in \mathrm{N}$ , there is a
$\mathrm{u}_{\mathrm{n}(\mathrm{k})}\in \mathrm{g}(\mathrm{p},\mathrm{k})$ with $\mathrm{n}(\mathrm{k})<\mathrm{n}(\mathrm{k}+1)$ . Since $\mathrm{g}$ satisfies the condition $(\alpha 0)$ ,
$\mathrm{g}(\mathrm{u}_{\mathrm{n}(\mathrm{k})}, \mathrm{n}(\mathrm{k}))\subseteq \mathrm{g}(\mathrm{p},\mathrm{n}(\mathrm{k}))\subseteq \mathrm{g}(\mathrm{p},\mathrm{k})$ hold. Then $\mathrm{w}_{\mathrm{n}(\mathrm{k})^{\in}}\mathrm{g}(\mathrm{p},\mathrm{k})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}\mathrm{f}\mathrm{k}\}},\mathrm{k})$ for each
$\mathrm{k}\in \mathrm{N}$ . Since $\mathrm{g}$ satisfies the condition $(w\mathrm{N})$ , the sequence $\langle$Xn(h} $\rangle$ clusters ,
so $\langle$ $\mathrm{x}_{\mathrm{n}/}^{\backslash }$ has acluster point. Thus $\langle \mathrm{f}(\mathrm{x}_{\mathrm{n}})\rangle$ has acluster point, that is, $\langle \mathrm{y}_{\mathrm{n}}\rangle$
has acluster point.
(2): Let $\mathrm{f}:\mathrm{X}arrow \mathrm{Y}$ be aquasi-perfect map, and $\mathrm{X}$ an $\alpha-\mathrm{w}\mathrm{N}$-space. The space
$\mathrm{X}$ has a $g$-function $\mathrm{g}$ satisfying the conditions $(\alpha)$ and $(w\mathrm{N}).$ Let $\mathrm{h}(\mathrm{x},\mathrm{n})=\mathrm{Y}$
$\backslash \mathrm{f}(\mathrm{X}\backslash \mathrm{g}(\mathrm{f}^{- 1}(\mathrm{y}),\mathrm{n}))$ for each $\mathrm{n}\in \mathrm{N}$ , then $\mathrm{Y}$ has a $g$-function $\mathrm{h}$ by the
closedness of $\mathrm{f}$. We will show that $\mathrm{h}$ satisfies the conditions $(\alpha)$ and
$(w\mathrm{N})$ .From the proof of (1), we only show that $\ulcorner|$ {$\mathrm{h}_{\mathrm{n}}(\mathrm{y})$ I $\mathrm{n}\in \mathrm{N}$} $=\{\mathrm{y}^{\mathfrak{i}}/$ for
each $\mathrm{y}\in \mathrm{Y}$ . Suppose that there is a $\mathrm{y}\in \mathrm{Y}$ such that $\mathrm{h}_{\mathrm{n}}(\mathrm{y})\neq\{\mathrm{y}\}$ . Then there
is an $\mathrm{x}\in\cap \mathrm{f}\mathrm{g}(\mathrm{f}^{- 1}(\mathrm{y}),\mathrm{n})|\mathrm{n}\in \mathrm{N}\}\backslash \mathrm{f}^{- 1}(\mathrm{y})$ . For each $\mathrm{n}\in \mathrm{N}$ , there exists $\mathrm{x}_{\mathrm{n}}\in \mathrm{f}^{- 1}(\mathrm{y})$
such that $\mathrm{x}\in \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})$ . The sequence $\langle$ $\mathrm{x}_{\mathrm{n}/}^{\backslash }$ has acluster point $\mathrm{p}$ in $\mathrm{f}^{- 1}(\mathrm{y})$ by
the countable compactness of $\mathrm{f}^{- 1}(\mathrm{y})$ . For each $\mathrm{k}\in \mathrm{N}$ , there is an $\mathrm{n}(\mathrm{k})\in \mathrm{N}$
such that $\mathrm{x}_{\mathrm{n}(\mathrm{k})}\in \mathrm{g}(\mathrm{y},\mathrm{k})$ with $\mathrm{n}(\mathrm{k})<\mathrm{n}(\mathrm{k}+1).$ Then $\mathrm{x}\in \mathrm{g}(\mathrm{x}_{\mathrm{n}(\mathrm{k}\}},\mathrm{n}(\mathrm{k}))\subseteq \mathrm{g}(\mathrm{x}_{\mathrm{n}(\mathrm{k})},\mathrm{k})\subseteq$
$\mathrm{g}(\mathrm{p},\mathrm{k})$ hold. Thus we have $\mathrm{x}\in\cap[\mathrm{g}(\mathrm{p},\mathrm{n})|\mathrm{n}\in \mathrm{N}\}=\{\mathrm{p}\}$ , so $\mathrm{x}=\mathrm{p}$ . This is a
contradiction.
Remark 5.2. The fact that the quasi-perfect image of an a-spaces is
also $\alpha$ can be shown in the same manner as the proof of Theorem 5.1.
Remark S.3. In [8], Ishi showed that the quasi-perfect image of a
$\mathrm{w}\mathrm{M}$ -space is also a $w\mathrm{M}$-space.
Remark S.4. As stated in sectionl, Lutzer showed in [10, Example4.3]
there exists aperfect map $\mathrm{f}:\mathrm{X}arrow \mathrm{Y}$ where $\mathrm{X}$ is aNagata space and $\mathrm{Y}$ is
not $\mathrm{q}$-space. We can find this space $\mathrm{X}$ is not $w\mathrm{M}$ by Proposition 4.3 and
Theorem 5.1(1). Thus, this space $\mathrm{X}$ is a $w\mathrm{N}$ space which is not $w\mathrm{M}$ .
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me . $\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\Psi$ closed map
$\ovalbox{\tt\small REJECT} \mathrm{p}\mathrm{l}\mathrm{e}5.5$ (see[11, Example 10.1]). A closed image of ametrizable
space is not aq-space.
$\mathrm{s}\alpha-w\mathrm{N},$ $\alpha-w\mathrm{N}$ $\alpha_{0}-w\mathrm{N}$ closed map
$6\circ$ Nagata space
$w\mathrm{N}$-spaces Nagata-space
Definition 6.1. For aspace $(\mathrm{X}, \tau)$ ,
$\mathrm{X}$ is called an $\mathrm{a}_{\mathit{0}}$-Nagata space, if there exists a $g$-function $\mathrm{g}:\mathrm{X}\mathrm{x}\mathrm{N}arrow$
$\tau$ satisfying the conditions $(\alpha 0)$ and (N).
Theorem 6.2. For a space $X$, the fouowing conditions are equivalent:
(1) $X$ is a metrizable space.
(2) $X$ is an $g_{\mathit{0}}$-Nagta space.
Proof. $(1)\Rightarrow(2):\mathrm{I}\mathrm{n}$ the proof of Theorem 4.4(1)\Rightarrow (2), we have shown this
implication.
$(2)\Rightarrow(1)$ :Let $\mathrm{g}$ be ag-function satisfying the condition $(\alpha_{\mathrm{O}})$ and (N). We
will show that $\mathrm{g}$ satisfies the condition $(\gamma)$ . Let $\mathrm{x}_{\mathrm{n}}\in \mathrm{g}(\mathrm{v}_{\mathrm{n}},\mathrm{n})$ and $\mathrm{y}_{\mathrm{n}}\in \mathrm{g}(\mathrm{x},\mathrm{n})$
for each $\mathrm{n}\in \mathrm{N}$ , then $\mathrm{x}_{\mathrm{n}}\in \mathrm{g}(\mathrm{y}_{\mathrm{n}},\mathrm{n})\subseteq \mathrm{g}(\mathrm{x},\mathrm{n})$, because $\mathrm{g}$ satisfies $(\alpha_{\mathrm{O}})$ . Since $\mathrm{x}_{\mathrm{n}}\in$
$\mathrm{g}(\mathrm{x},\mathrm{n})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})$ and $\mathrm{g}$ satisfies the condition (N), the sequence $\langle \mathrm{x}_{\mathrm{n}} \rangle$
clusters at $\mathrm{x}$ . Thus, $\mathrm{X}$ is $\gamma$ By $[6;\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}4.7],$ $\mathrm{X}$ is metrizable.
Defmition 3.2 $(2),(3)$ 1 $\alpha$ -Nagata space $\mathrm{s}\alpha$ -Nagata space
Theorem 44 $\alpha$ -Nagata space
$\mathrm{s}\alpha$ -Nagata space metrizable
Nagata space $w\mathrm{N}$-space Theorem 3. 1
Theorem 6.3. Aspace is a Nagata space if and only if it is a strong $\mathrm{a}$,
wN-space.
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Proof. Let $\mathrm{X}$ be aNagata space. We will show that $\mathrm{X}$ is strong $\alpha$ . Since
every Nagata space is semi-stratifiable and paracompact $\mathrm{T}_{2},$ $\mathrm{X}$ has a $\mathrm{G}_{\delta}$
-diagonal sequnce $\langle\delta_{\mathrm{n}}\rangle$ . And for each $\mathrm{n}\in \mathrm{N}$ , there is alocally finite
closed $\mathrm{r}\mathrm{e}\mathrm{f}_{1}\mathrm{n}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\zeta \mathrm{n}$ of $\delta_{\mathrm{n}}.$ For each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\cross \mathrm{N},$ let $\mathrm{g}(\mathrm{x},\mathrm{n})=\mathrm{X}\backslash \cup\{\mathrm{F}\in$
$\zeta \mathrm{n}|\mathrm{x}\not\in \mathrm{F}\}$ . Then it is easily verified that if $\mathrm{y}\in \mathrm{g}(\mathrm{x},\mathrm{n}),$ then $\mathrm{g}\mathrm{b}^{r},\mathrm{n}$) $\subseteq \mathrm{g}(\mathrm{x},\mathrm{n})$
holds. We will show that $\mathrm{x}\in\cap\{\mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in \mathrm{N}\}=\{\mathrm{x}\}$ for each $\mathrm{x}\in \mathrm{X}.$ For
any $\mathrm{y}\in \mathrm{X}$ with $\mathrm{y}\neq \mathrm{x}$, there is an $\mathrm{m}\in \mathrm{N}$ such that $\mathrm{y}\not\in \mathrm{s}\mathrm{t}(\mathrm{x}, \zeta \mathrm{m}).$ Then we
have $\mathrm{g}(\mathrm{x},\mathrm{m})\cap \mathrm{g}(\mathrm{y},\mathrm{m})=\phi$ . Suppose that there is a $\mathrm{z}\in \mathrm{g}(\mathrm{x},\mathrm{m})\cap \mathrm{g}(\mathrm{y},\mathrm{m}),$ then
$\mathrm{z}\in \mathrm{F}\in\zeta \mathrm{m}_{\mathrm{Q}}$ Since $\zeta \mathrm{m}$ is arefinement of 6 $\mathrm{m}$ , we have $\mathrm{x},$ $\mathrm{y}\in \mathrm{F}\subseteq \mathrm{G}$ for
some $\mathrm{G}\in\delta_{\mathrm{m}_{6}}$ Then we have that $\mathrm{y}\in \mathrm{s}\mathrm{t}(\mathrm{x}, \delta_{\mathrm{m}})$ , this is acontradiction.
Thus, $\mathrm{X}$ is astrongly $\alpha,$ $w\mathrm{N}$-sapce.
Conversely, Let $\mathrm{X}$ be astrongly $\alpha,$ $w\mathrm{N}$-space. Let $\mathrm{h}$ be ag-function
satisfying condition $(\mathrm{s}\alpha)$ , and $\mathrm{k}g$-function satisfying condition $(\mathrm{w}\mathrm{N})$ .
Let $\mathrm{g}(\mathrm{x},\mathrm{n})=\mathrm{h}(\mathrm{x},\mathrm{n})\cap \mathrm{k}(\mathrm{x},\mathrm{n})$ for each $(\mathrm{x},\mathrm{n})\in \mathrm{X}\mathrm{x}\mathrm{N}$ , then $\mathrm{g}$ is a $g$-function. We
will verify that $\mathrm{X}$ is regular. Suppose that $\mathrm{U}$ be an open neighbourhood
of $\mathrm{x}$ and $\mathrm{x}_{\mathrm{n}}\in \mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n}))\mathrm{N}\mathrm{U}$ for each $\mathrm{n}\in \mathrm{N}$ . Since $\mathrm{k}(\mathrm{x},\mathrm{n})\cap \mathrm{k}(\mathrm{x}_{\mathrm{n}},\mathrm{n})\neq\phi,$ the
sequence $\langle \mathrm{x}_{\mathrm{n}}\rangle$ has acluster point $\mathrm{p}\not\in \mathrm{X}\mathrm{S}$ U. And $\mathrm{p}\in \mathrm{c}\mathrm{l}(\{\mathrm{x}\mathrm{k}|\mathrm{k}\geq \mathrm{n}\}\subseteq$
Cl(g(x,n)) for each $\mathrm{n}\in \mathrm{N}$ . On the other hand, $\cap\{\mathrm{C}\mathrm{l}(\mathrm{h}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in \mathrm{N}\}=\{\mathrm{x}\}$,
since $\mathrm{h}$ satisfies the condition $(\mathrm{s}\alpha)$ . Then, $\mathrm{p}\in\cap\{\mathrm{C}\mathrm{l}(\mathrm{g}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in \mathrm{N}\}\subseteq$
$\bigcap_{\mathrm{t}}^{;}\mathrm{C}1(\mathrm{h}(\mathrm{x},\mathrm{n}))|\mathrm{n}\in \mathrm{N},=\{\mathrm{x}\}$ , so we have $\mathrm{x}=\mathrm{p}$ . This is acontradiction. Thus, $\mathrm{X}$
is aregular $\alpha,$ $\mathrm{w}\mathrm{N}$-space. By Theorem 3.1, $\mathrm{X}$ is Nagata.
7
PrOpOsitiOn4.1(1) countably compact space $\alpha 0-w\mathrm{N}$-space
countably compact
Morita $\mathrm{M}$-space $\mathrm{M}$-space
Siwiec and Nagata [13] $\mathrm{M}^{\#}$-space
Definition 7.1. Aspace $\mathrm{X}$ is called an $\mathrm{M}\#$-space if it has asequence
$\{\xi_{\mathrm{n}}\}$ of closure-preserving closed covers of $\mathrm{X}$ such that whenever $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}(\mathrm{x}$ ,
$\xi_{\mathrm{n}})$ for each $\mathrm{n}\in \mathrm{N}$ , then the sequence $\langle \mathrm{x}_{\mathrm{n}}\rangle$ has acluster point.
$\mathrm{M}\#$-space
Proposition 7.2. Every $M$ -space is an $\mathrm{a}_{0}- wN$-space.
Proof. Let $\langle\xi_{\mathrm{n}}\rangle$ be asequence of closure-preserving closed covers of $\mathrm{X}$
such that whenever $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}(\mathrm{x}, \xi_{\mathrm{n}})$ for each $\mathrm{n}\in \mathrm{N}$, then the sequence
$\langle \mathrm{x}_{\mathrm{n}}\rangle$ has acluster point, where we may assume that $\xi \mathrm{n}+1$ is a
refinement of $\xi_{\mathrm{n}}$ . Let $\mathrm{g}(\mathrm{x},\mathrm{n})=\mathrm{X}\backslash \cup\{\mathrm{F}\in\xi \mathrm{n}|\mathrm{n}\in \mathrm{N}\}$ for each $\mathrm{n}\in \mathrm{N}$ , then
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the $g$-function $\mathrm{g}$ satisfies condition $(\alpha 0)$ . And let $\mathrm{g}(\mathrm{x},\mathrm{n})\cap \mathrm{g}(\mathrm{x}_{\mathrm{n}},\mathrm{n})\neq\emptyset$ for
each $\mathrm{n}\in \mathrm{N}$ , then $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}(\mathrm{x}, \xi_{\mathrm{n}})$ for each $\mathrm{n}\in \mathrm{N}$ . So the sequence $\langle \mathrm{x}_{\mathrm{n}}\rangle$ has a
cluster point. Thus $\mathrm{X}$ is $\alpha_{0}- \mathrm{w}\mathrm{N}$.
Question 7.3. Does there exist an $\mathrm{a}_{\mathrm{O}}- wN$-space which is not $M$ ?
$\alpha_{\mathrm{O}}-w\mathrm{N}$-space $\mathrm{M}\#$-space
Proposition 7.4. Every paracompact T2, $\mathrm{w}\mathrm{M}$-space is an M’-space.
Proof. Let $\mathrm{X}$ be aparacompact T2, $\mathrm{w}\mathrm{M}$-space. Let $\{\gamma_{\mathrm{n}}\}$ be asequence of
open covers of $\mathrm{X}$ such that $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}^{2}(\mathrm{x}, \gamma_{\mathrm{n}})$ for each $\mathrm{n}\in \mathrm{N}$ , then $\langle \mathrm{x}_{\mathrm{n}}\rangle \mathrm{h}\mathrm{a}\mathrm{s}$ a
cluster point. For each $\mathrm{n}\in \mathrm{N}$ , there is alocally finite closed refinement $\xi_{\mathrm{n}}$
of $\gamma_{\mathrm{n}}$ . Then the sequence $\{\xi_{\mathrm{n}}\}$ is the one of closure-preserving closed
covers of $\mathrm{X}$ such that whenever $\mathrm{x}_{\mathrm{n}}\in \mathrm{s}\mathrm{t}(\mathrm{x}, \xi \mathrm{n})$ for each $\mathrm{n}\in \mathrm{N}$ , then the
sequence $\langle_{\mathrm{X}\mathrm{n}}\rangle$ has acluster point. Thus $\mathrm{X}$ is an M’-space.
$\mathrm{M}$-space, $\mathrm{M}^{\#}$-space $\alpha_{0}- w\mathrm{N}$-space
$\mathrm{M}\#$-space $\mathrm{M}$-space [12]
$w\mathrm{N}$-space Nagata space Hodel
Theorem 7.5. Thefollowing statements hold:
(1) [6; Theorem 4.3] Evew $T_{2}r,$ $wN$-space is metrizable.
(2) [6; Theorem 4.7] Every $\mathrm{w}\gamma_{r}$ Nagata space is metr.oeable.
2 Quesfion 46
Question 7.6. Is every T2 $\alpha- \mathrm{w}\mathrm{N}$-space, Nagata 2
Question 7.7. Is every T2 $\alpha- \mathrm{w}\mathrm{N}$-space, $\gamma$ ?
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